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I. Phys. A Math. Gen. 24 (1991) L1243-LI247. Printed in the U K  

LE'ITER TO THE EDITOR 

Quantum m X n-matrices and q-deformed Binet-Cauchy 
formula 

S A Merkuiov 
Theoretical Problems Department, USSR Academy of  Sciences, "I. Vesnina 12, Moscow 
121002, USSR 

Abstract. Quantum multiplicative matrices of size m x ;are introduced and studied. The 
q-generalization of the Binet-Cauchy formula is found. 

Recently there has been growing interest [1-5], both from the physical as well as the 
mathematical point of view, in studying quantum 'groups', 'spaces' and algebras. Much 
attention has been paid to square quantum multiplicative matrices which are the key 
objects in the quantum group theory. 

In this letter we define and investigate quantum multiplicative matrices of 'size 
m x n. In particular, we find the q-generalization of the classical Binet-Cauchy formula, 
which expresses the quantum determinant of the matrix product U 0 V of a quantum 
matrix U of size m x n by a quantum matrix V of size n x m in terms of mth order 
q-minors of U and V. 

Following [l], we first make a brief review of definitions of quantum groups M,,(n) 
of matrices of size n x n and the corresponding quantum planes A$" and A",". 

The coordinate ring A J n )  of the manifold M J n )  of quantum n x n-matrices is 
the polynomial C-algebra C(z : ,  i, k = 1 , .  . . , n )  generated by n2 symbols 2: subject to 
the following relations 

for k < /  

for i < j 
for i < j ,  k < /  

for i < j ,  k > 1. 

X I  I k  zjz i=qziz i  
k k  

2"; = qzj zj 
(1) z:z:-z:z:=(q-q~~)z,zi I t  

z;z; = .;.; 
The quantum determinant of the matrix 1: generating A , ( n )  is defined by 

( - 9 ) ' " ~ ~ ' ' ~ z ~ ( ~ ~ .  . . 2"'"' det,(2.) = 1 
"ES,, 

(2) 

where S, is the permutation group of the set { I ,  2 , .  . . , n }  and, for each UE S,,, /(U) 
denotes thenumberofpairs  ( i , j )  with l s - i < j < n  and n ( i ) > n ( j ) .  

According to Manin [SI, the quantum group M,(n) may be described as an 
automorphism 'group' of quantum planes A$" and A;I" which are polynomial @- 
algebras, At'" = C(x', i = 1, . . . , n )  and A!" = @(e, j = 1 , .  . , , n), generated correspond- 
ingly by symbols x' and (' with the commutation rules 

= 1 (-9)llrl I 2 
Z<.( , lZ"<21~~.  &I 

"is. 

. .  
x i x ~  = qxJx' for i < j  (3) 

(cy= 0 5'5.- 9- 5 5 for i < j .  (4) 
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More exactly, there exist algebra morphisms 

8, : A:I" + A,( n )  O A$', 8" : A;'' + AY( n )  O A:1" 

such that 

~h~ cn=ac:ica 5" app!ied :e :he zexoEia! 6'  , , ,:" R:.IDr thn F..--..I~ r t  ~i 6.'C" L l l r  I " I I I . " I a  L ' ,  2, 

&(& ... c.)=Det , (z ; )Oc ' . . .p .  

Analogously, applying in to the monomial @ . . . Ci" one finds 

$"(@ .,.ti..)= 1 Z!' I , " '  z;.p5". . , p,, 
;,. .... ;" 

= 1 (-q)"" 'z&,) . . .zz(.,Oc'. .. 5". ( 5 )  
OCS. 

If two or more indices i , ,  . . . , in coincide, the left-hand side of ( 5 )  vanishes. Thus we 
obtain the formula 

1 (-g)""'2' ; ( l ) . . . z>( , )=O if i k = i l  forsome k , l ~ { l ,  . . . ,  n]. 
"tS., 

If all indices i,, . . . , i. are distinct, we obtain from (5 )  the identity 

1 ( -q)" " 'z ; ( , )  , , , &") = (-q)'r;c..-Ll Det,(z;l) (6) 
"GS., 

where I [ i ,  . . . i n ]  denotes the number of pairs ( i r ,  i , )  in the ordered set ( i l , .  . . , i,,} with 

Manin's interpretation of M , ( n )  suggests to define the space M,(m, n) of quantum 
matrices of size m x n as the 'space' of algebra morphism from quantum planes Arlo 
and A:'" to, respecti;ely, quantum planes Ailo and A:1". 

Thus we introduce symbols Up (Latin indices take values 1,. . . , n, while Greek 
ones take values 1,. . . , m) and consider the polynomial @-algebra A,(m, n )  = C < 

existence of algebra morphisms 

G / I n n A ; ~ \ ; .  .. . . **, .,_ 

r l P  1 < n < m, < i < E ) .  LC! "S find commn!e!infi r&tiofis for L1; the! engllrp the - 4 , .  

am," : Ay1'+ A,(m, n)OA:l' ~ '" , , :AO,l '"+Ag(m,n)OA~' '  

such that 
" n 

S,,.(y")= 1 UPOX' b . , ( S " ) =  1 U?Ofi 
i = ,  i = ,  

where y", c8, xi and 5' are canonical generators of Ay1', A:'", A$" and A:'" respectively. 
and am," 

exist provided symbols Up satisfy the commutation relations 
Simple calculations give the following result: the desired morphisms 

up uQ = quQ up 
up up = qup U ;  

uy U," = U? up 
upup - upup = (g- q-')up UQ 

for a < B  

for i < j 
(7) 

f o r a < p a n d  i > j , o r p > a a n d i < j  

for a < p, i< j .  
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The set of symbols U = { U ? }  satisfying the commutation algebra (7) is called a 
quantum matrix of size m x n, while the correspondent polynomial ring A J m ,  n )  = 
C(U9)  is called the coordinate ring on the manifold M,(m, n )  of quantum matrices 
of size m x n. 

Suppose that U = { U ? }  E M,,( m, n) and V = { Va) E MJn, p )  (capital Latin indices 
take values 1, . . . , p } ,  and consider the m x p matrix W = { W:} given by 

W"- A -  1 upov;. 
; = I  

Using commutation relations (7) for {U?} and { V i } ,  one obtains, if 01 ' 0 ,  

W z W t =  UYUfOVaVa 
i . j=, 

= q  I: u;u,OvavA+(q-q-') upu;ovAva 
i<j i <, 

f q  1 U?UPovAv;+q-' 1 upuY@vava=qw~w~ 
i - l  i>j  

Analogously, one finds 

w: w; = qw; w; 
w;wa,= ws,w: 
w; ws, - ws, w; = (q - 4-1) w; wz 

i f A < B  
if a < p  and A > B , o r  a > p  and A < B  

if 01 < 8, A < B. 
Therefore, we conclude that the matrix W = U 0 V, where 0 denotes the matrix 

multiplication (8), is a quantum matrix of size m x p .  
This important property of multiplicativity of non-square quantum matrices may 

be restated in the spirit of Hopf algebras as follows: for any natural numbers m, n 
and p there exist algebra morphisms 

A m.n.p :A,  (m,  p )  -f A ,  ( m ,  n 10 A,( n, a )  
such that 

A,,.,,(W",= Z u:OVL 
; = I  

where { W",, [ U ? }  and { Vk} are canonical generators of coordinate rings A,(m, p ) ,  
A,(m, n )  and A , ( n , p )  respectively, 

Moreover, morphisms A,,,, and defined earlier morphisms Sm," and S,, are related 
to each other in such a way that one has, for any m, n and p ,  a commutative diagram 

A,(m,p)OAC" 6.,,n A$ 

A,.,.,*, I 
id@6a,p 

I %,.,, 

A,(m,n)@A~lo- A , ( m , n ) O A , ( n , p ) O A ~ I " .  
There is also an  analogous diagram for the family of morphisms &,". 
In the particular case m = n = p  the comultiplication Am,..p coincides precisely with 

the comultiplication A which enters the definition of the quantum group [l-51. 
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Let U = { Up)  he a quantum matrix of size m x n (with m < n) and V =  { V b )  a 
quantum matrix of size n x m, so that the quantum matrix W = U 0 V is of size n x n, 
and we may consider its quantum determinant Det,W. Our task now is to express 
Det,W in terms of constituent quantum matrices U and V. 

Fix any ordered set 1 S i, < i, <. . . < i, S n of m natural numbers i, , . . . , i, and 
define the correspondent 9-minor of the mth order of U by 

and the q-minor of the mth order of V by 

vq(i, . . .  i , )= 1 ( - 9 ) ' ( " ' ~ > ( , ~ . . .  V:?,,. (10) 
"GS, 

By definition (Z), 

Det,(W) = (-9)""'W~'". . . W:"' 
"e$., 

Terms in the sum ( I t )  which have two or more indices j ,  , . . . , j ,  coinciding, equal to 
zero. Thus we should consider only those n!/(n-m)! summands whose indices 
j l ,  . . . , j ,  are pairwise distinct. Then the sum ( 1  1 j may be represented as a union of 
(i) sums, each having m! summands differing from each other only by a permutation 
of a fixed set of indices { j , ,  . . . , j , }  with j ,  <.. . <j , .  

Let us consider one of such sums, 

G ( j ,  ... j , ) =  1 1, (-9)'1r'U:$'],). . . U : ! ~ ~ ! , @ V ~ ( ' ~ '  ... v"JJ,., 1 
ncs., "'CS.. ,  

where SA is the permutation group of the set ( j , ,  . . . , j , } .  By (6j, one has 
~ ( j ,  , , , j , )  = 1, u q ( j ,  , , , j , ) ~ [ ~ ' ~ J , ~ . . . " ' ~ J ~ , ~ l @  vg'(j,' ... v"'(J-1 , 

"ES, 

= U q ( j l  . . .  j , ) @ V , ( j ,  ... j , ) .  
----L---- ^^_^,...I- .L^. 
IIICLCLULC wc CUllCl"UC Ulal 

Det,(U 0V) = 1 U , ( j , .  , , j , ) O  V q ( j t . .  . j ,  j .  
j , <  ... <;", 

This is the q-generalization of the classical Binet-Cauchy formula [6]. It can be readily 
generalized as follows. 

Let U = {Up}  be a quantum matrix of size m x n and V = { Va) a quantum matrix 
of size m x p  so that the quantum matrix W = U 0 V is of size m x p .  Define 9-minors 
of the rrth order of U by 

and similarly for 9-minors of V and W. Then 

In the limit 9 +  1 the latter formula also reduces to the well known classical result 
[61. 
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