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LETTER TO THE EDITOR

Quantum m X n-matrices and ¢-deformed Binet—Cauchy
formula

S A Merkulov
Theoretical Problems Department, USSR Academy of Sciences, ul. Vesnina 12, Moscow
121002, USSR

Abstract. Quanturn muliiplicative matrices of size m x 1 are introduced and studied. The
g-generalization of the Binet-Cauchy formula is found.

Recently there has been growing interest [1-5], both from the physical as well as the
mathematical point of view, in studying quantum ‘groups’, ‘spaces’ and algebras. Much
altention has been paid to square quantum multiplicative matrices which are the key
objects in the quantum group theory.

In this letter we define and investigate quantum multiplicative matrices of 'size
m X n. In particular, we find the g-generalization of the classical Binet-Cauchy formula,
which expresses the quantum determinant of the matrix product UV of a quantum
matrix U of size mxn by a quantum matrix V of size #X m in terms of mth order
g-minors of U and V.

Following [1], we first make a brief review of definitions of quantum groups M,(n)
of matrices of size nx n and the corresponding quantum planes A% and A%".

The coordinate ring A, (n) of the manifold M,(n) of quantum n X n-matrices is
the polynomial C-algebra C(z¥, i, k=1,...,n) generated by n’ symbols z{ subject to
the following relations

78zl = gzlzk for k<1
z¥z k = qz zt fori<j
. (1}
zizi—zizy = (g —q ziz} fori<j k<i
z¥z)=zlz} fori<jk>1
The quantum determinant of the matrix z{ generating A,(n) is defined by
det (ZJ' Z ( q I(a) a(l) 0'(2] . z:(n)
oS,
= E (*Q)”"’z,',mim e z::(n) (2)

oeS,

where S, is the permutation group of the set {1,2,..., n} and, for each e §,, l{g)
denotes the number of pairs (i, j) with 1= i<j=<n and o(i)>o(j).

According to Manin [5], the quantum group M_(n} may be described as an
automorphism ‘group’ of quantum planes Anl and A“'" which are polynomial C-
algebras, A"' = lC(x i=1,...,n)and A”'" C(f’,; =1,..., n), generated correspond-
ingly by symbols x' and §*’ w1th the commutation rules

xxd = gx'x! for i<j (3)
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More exactly, there exist algebra morphisms
8, A0 > A (MY®ALY, 8,: AY > A, (m)® A"

such that

8n(§l e §n) = Detq(Z})@fl PO EH.
Analogously, applying 8, to the monomial £" ... £ one finds
O e I e A &

Es (— q)r(a)lum Zi}‘(n}®§l O (5)
If two or more indices i,,..., i, coincide, the left-hand side of {5} vanishes. Thus we
obtain the formula
Y (=) 725, . zh =0 if i, = i; for some k, Ic{t,..., n}

Tes,

If all indices §,,.. ., i, are distinct, we obtain from (5} the identity

Y ()2 ...z = (—q) V) Det,(2)) (6)

TeSs,

where I[i, ... i,] denotes the number of pairs (i, §;) in the ordered set {i,, ..., i,} with
e ! nnr‘ 7 s 7.

E<land i >i.

Manin’s interpretation of M,(n) suggests to define the space M,{(m, n) of quantum
matrices of size m X n as the ‘space’ of algebra morphlsm from quantum planes A’”“
and A(""‘ to, respectlvely, quantum planes A'”’ and A”"

Thus we introduce symbols LJ7 (Latin 1nd1ces take values 1,..., n, while Greek
ones take values 1,...,m) and consider the polynomial C-algebra A,(m, n)=C<
Ul lsag=sml<si<n) Let us find commutation relations for L/ that ensure the
existence of algebra morphisms

Bt A5 A (m, n)® AL Brn: A" A, (m, n)@D ALY
such that
Bmn(y*)=L Ui®x’ Bua({®)=L UIQE
i=1 i=

where y*, £?, x' and £’ are canonical generators of A”'®, A%™, A" and A% respectively.
Simple calculations give the following result: the desired morphisms 8., and 8, ,
exist provided symbols U{ satisfy the commutation relations

UrU?=qUPU? for e <
uruy=qujUy for i <j -
uruf=uvtuy fora<pBand i>j or B>a and i <j

Urut-uvtur=(g-q U U? fora<p,i<j
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The set of symbols U={U} satisfying the commutation algebra (7) is called a
quantum matrix of size m x n, while the correspondent polynomial ring A,(m, n)=
C(UY) is called the coordinate ring on the manifold M,(m, n) of quantum matrices
of size mx n.

Suppose that U={U}e M,(m, n) and V={V)}e M_(n, p} (capital Latin indices
take values 1, ..., p}, and consider the m % p matrix W={ W3} given by

3= L UT®Vi, ®)

Using commutation relations (7) for {U{} and {V%}, one obtains, if a <p,

Wawi= 3 UrUf@ ViV

ij=1
=Y UFUP@VLVL+ Y UtUP@VLV,L+ T UrUPQ VLV,
i<j i=1 i>j
=q L UTUI@VaVi+(g—q ) ¥ UTUSQ VLV
i< =]
+q ¥ UtUP®VLVat+q ™' T UFUI® VLV, =qWEWS.
i=1 i>j

Analogously, one finds

WiWe=gW5W3 ifA<B
wWawh = wiws if e<<Band A>B,or a> 8 and A<B
WEWE— WEWS=(g—q ) Wi W5E if e <B,A<B.

Therefore, we conclude that the matrix W=UV, where - denotes the matrix
multiplication (8), is a quantum matrix of size m xp.
This important property of multiplicativity of non-square quantum matrices may
be restated in the spirit of Hopf algebras as follows: for any natural numbers m, n
and p there exist algebra morphisms
A, Ay(m,p)=> Am, n)® A, (n, p)

such that
Bomnp( W)= _gl Ure v,

where {W34}, {U?} and {V'y} are canonical generators of coordinate rings A,(m, p),
A (m, n) and A_(n, p) respectively.

Moreover, morphisms 4, , and defined earlier morphisms &, , and 8, , are related
to each other in such a way that one has, for any m, n and p, a commutative diagram

&
APy A (m, p)® AL

%% kwm

Ag(m, n)®A2|°—-i-d-?—5'l"—-> A (m @A, (n, p)® A",

There is also an analogous diagram for the family of morphisms 6‘,,,‘,,.
In the particular case m = n = p the comultiplication A, , coincides precisely with
the comultiplication A which enters the definition of the quantum group [1-5].
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Let U={U7} be a quantum matrix of size mxn (with m<n) and V={V'} a
quantum matrix of size n X m, so that the quantum matrix W=U-V is of size nx n,
and we may consider its quantum determinant Det,W. Our task now is to express
Det,W in terms of constituent quantum matrices U and V.

Fix any ordered set 1=<{, <i,<...<Ii,=<n of m natural numbers i,,..., i, and
define the correspondent g-minor of the mth order of U by

Ui in)= X (=" U5 .. U™ (9}

ocS,

and the g-minor of the mth order of V by
vq(il ’m)— Z ( q)I( )Vrr( 1= Vi;'tm)' (IO)

TeS,

By definition (2},
Det, (W)= ¥ (~g)'@wi®  wi

ocs,,
= ¥ (-"Ui" . Ume v VL (11)

oES,
Terms in the sum (11) which have two or more indices j,, ..., j, coinciding, equal to
zero. Thus we should consider only those n!/(n—m)! summands whose indices
J1s++ .5 Jn are pairwise distinct, Then the sum (11} may be represented as a union of

{m) sums, each having m! summands differing from each other only by a permutation
of a fixed set of indices {j,..., .} with ji<...<J,.
Let us consider one of such sums,
Gl Jw)= T E (=@)7UZ, .. USGh@ V% . vio

oe8, oeSs),

where S, is the permutation group of the set {j,,..., j.}. By (6), one has
Gy gm)= Z UG oo v )0 Undl @y G0y )

= Uq(jl L. ‘jm)®vq(jl .. 'jm)-

Det,(UeV)= T Uy(i.. Jim)® Velir-- - jm)-
S im
This is the g-generalization of the classical Binet-Cauchy formuia [6]. It can be readily
generalized as follows.
Let U={U?} be a quantum matrix of size m X n and V={V%} a quantum matrix
of size m X p so that the quantum matrix W=U <V is of size m x p. Define g-minors
of the rtth order of U by

Uq(fl“J'r)zDetq{U?f',lﬁs,ISm}
Jueeds

and similarly for g-minors of V and W. Then

B, Jueeide
W = U, ®V( )
(kl - kr) J|<z<_},. (JI J ) kl e kr

In the limit ¢ — 1 the latter formula also reduces to the well known classical resubt

[e].
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